The validity of the Künneth formula for foliated cohomology, that is, for the tangential de Rham cohomology of a foliated manifold, is investigated. The main difficulty encountered is the non-Hausdorff nature of the foliated cohomology spaces, forbidding the completion of the tensor product. We present versions of the Künneth formula when both factors have Hausdorff foliated cohomology and when one factor has finite-dimensional foliated cohomology and a compact underlying manifold. We also give a counterexample to an alternative version of the Künneth formula. The proof of the second result involves a right inverse for the foliated de Rham differential.
Introduction
The tangential de Rham cohomology or foliated cohomology of a foliated manifold (M, Ᏺ) is the cohomology of the complex obtained by forming the quotient of the Fréchet space of ordinary smooth forms on the manifold by those who vanish along the leaves of the foliation. Our initial interest for this cohomology comes from the observation that its vanishing in degree two may, under certain circumstances, be an obstruction to existence of a foliated symplectic structure, or equivalently, a regular Poisson structure whose underlying foliation is Ᏺ (see [Bertelson 2001]) . Among the tools for computing de Rham cohomology is the Künneth formula which asserts that the cohomology space of a product is isomorphic to the completed tensor product of the cohomology spaces of the factors via the map ϕ :
This map indeed induces a map on foliated cohomology but because these spaces do not generally enjoy the Hausdorff separation property, the completion of the tensor product may not even be defined. The results obtained so far and shown in the present paper are:
(1) The Künneth formula is valid when the foliated cohomology spaces of both factors are Hausdorff. This is a consequence of a result of Grothendieck, described in [Schwartz 1954 ]. We have nevertheless included a relatively detailed proof in Section 2.
(2) It is also valid when the foliated cohomology of one of the factors is finitedimensional and the underlying manifold of that same factor is compact. Notice that it is not necessary to complete the tensor product in that case. This result was already known when one of the factors is a one-leaf foliation [El Kacimi-Alaoui 1983; Moore and Schochet 2006] . Our proof requires the construction of a right inverse for the foliated de Rham differential. It is based on results in the theory of splitting of exact sequences of Fréchet spaces [Meise and Vogt 1997; Vogt 2004] .
(3) In the simple case where one of the factors, say (M, Ᏺ), has a non-Hausdorff foliated cohomology and the other factor, say (N , Ᏻ), is a manifold foliated by its points, a natural alternative version to the Künneth formula would involve C ∞ (N , H * (Ᏺ)) in place of the completed tensor product. Nevertheless, we have constructed on the torus ‫ޔ‬ 2 foliated by Liouville slope lines a smooth family of exact forms -representing thus the zero element in C ∞ (N , H * (Ᏺ)) -which is not the coboundary of any continuous family of functions -corresponding therefore to a nonzero element in H * (Ᏺ × Ᏻ).
Many relevant questions remain unanswered:
• Does a more sophisticated version of the Künneth formula, involving some type of higher order functors, hold in a non-Hausdorff situation?
• Does the foliated de Rham differential still admit a right inverse when the assumption of compactness or finite-dimensionality of the foliated cohomology is relaxed?
Finally, the results of this paper may apply to other cohomologies. We have in mind the Poisson cohomology of a Poisson manifold (not surprisingly, the tangential Poisson cohomology of a regular Poisson structure is isomorphic to the foliated cohomology of the induced foliation). For instance, the Künneth formula for Poisson cohomology is valid when the cohomology spaces are Hausdorff.
Preliminaries
Let (M, Ᏺ) be a foliated manifold, that is, a smooth Hausdorff second countable manifold M endowed with a smooth foliation Ᏺ. The space of smooth p-forms, p ≥ 0, is denoted by p (M) (a smooth 0-form is just a smooth function) and the space of all forms by * (M). The weak C ∞ topology provides p (M) (and * (M)) with the structure of a nuclear Fréchet space. We are interested in the nuclear property because it guarantees uniqueness of the completion of the tensor product with any other Fréchet space.
Recall that a Fréchet space is a locally convex, metrizable, complete topological vector space. We will not attempt to explain the nuclear property here, but rather refer to Sections 47 and 50 [Trèves 1967 ], henceforth, abbreviated as [T] . For our purpose it is sufficient to know that the set of smooth functions on an open subset of ‫ޒ‬ n is nuclear (Corollary of Theorem 51.5 in [T, p. 530]) , that a product of nuclear spaces is nuclear and that a Hausdorff projective limit of nuclear spaces is nuclear (Proposition 50.1 in [T, p. 514] ). Indeed, p (M) is the projective limit of the spaces p (φ α (U α )), where (U α , φ α ) runs through an atlas on M. We will occasionally write TVS for topological vector space.
Consider the space p (M, Ᏺ) = {ω ∈ p (M) : ω| F = 0 ∀ leaf F} of forms vanishing along the leaves of Ᏺ. It is a closed subspace of p (M). Thus the quotient p (M)/ p (M, Ᏺ) is a Fréchet nuclear space as well (see [T, p. 85 and Proposition 50.1, p. 514] In this connection, the following examples are useful to keep in mind. Example 1.2 (Kronecker foliations). Consider the foliation of ‫ޒ‬ 2 by parallel lines of slope α ∈ ‫.ޒ‬ Invariant under the action of ‫ޚ‬ 2 by translations, this foliation induces a foliation, denoted Ᏺ α , on the torus ‫ޔ‬ 2 . The leaves are circles when α is a rational number and are dense lines otherwise. The foliated de Rham cohomology of Ᏺ α for α irrational depends on the type of irrational number considered. More specifically, it is infinite-dimensional and non-Hausdorff (with a one-dimensional Hausdorff quotient) when α is a Liouville number (see Definition 1.3), and onedimensional and Hausdorff otherwise. The proof of this well-known fact can be found in [Haefliger 1980; Moore and Schochet 2006] and will appear implicitly in Section 4. Definition 1.3. A Liouville number α is an irrational number that is well approximated by rational numbers. More precisely, for all integers p ≥ 1, there exist relatively prime integers m, n with n > 1 such that
A typical example of such a number is Liouville's constant 
, where S k is a sphere of dimension k and Ᏺ π is the foliation by the fibers of the canonical projection
, such that the image of S k × {t} is homotopically trivial in its leaf for each t except t = 0. A p-dimensional foliation from which a point is removed carries a vanishing ( p−1)-cycle. We explain hereafter, in the specific case of a punctured foliation (M, Ᏺ) = (N −{q}, Ᏻ| N −{q} ), how the presence of the vanishing ( p−1)-cycle implies that H p (Ᏺ) is non-Hausdorff and infinite-dimensional. The argument can certainly be extended to a larger class of vanishing cycles.
Observe that our vanishing cycle can be "filled", in the sense that there exists a foliated map v :
Let be a foliated volume form on (N , Ᏻ) and let f be a smooth function on M approaching infinity near the puncture. Then f is a foliated closed p-form on M than cannot be foliated exact. Indeed, suppose on the contrary that f = d Ᏺ α. Then, by Stokes' theorem,
Clearly, as t approaches 0, the right-hand side converges to v(S p−1 ×{0}) α while the left-hand side diverges, yielding a contradiction. Besides, it is not too difficult to construct an example of a nonexact p-form of this type that is the limit of a sequence of exact forms, showing that the set of foliated exact forms is not closed in the set of foliated closed forms.
Künneth formula when the cohomology is Hausdorff
The main result of the present section, that is, a Künneth formula for foliated cohomology when the foliated cohomology of each factor is Hausdorff, is not original, as it is essentially a consequence of a theorem due to Grothendieck and described in [Schwartz 1954 ]. (A proof in terms of sheaves can also be found in the literature, namely in [Bredon 1997 ].) Nevertheless we give a relatively detailed explanation of the proof, with systematic references to the book [Trèves 1967 ] (referred to as [T] ) for the background functional analysis, believing that some readers might find it useful to have the proof expressed in a language familiar to differential geometers with references from just one very well-written book.
Let (M, Ᏺ) and (N , Ᏻ) be two foliated manifolds both having the property that the foliated de Rham differential is a homomorphism. Consider the (algebraic) tensor product p (Ᏺ)⊗ q (Ᏻ). There are two natural ways to construct a topology on the tensor product of two locally convex Hausdorff topological vector spaces, namely the ε and the π topology (Sections 42 and 43 in [T]), thus yielding two different completions of the tensor product. However, when one of the factors is Fréchet nuclear, both topologies coincide (Theorem 50.1 in [T, p. 511]). So in our case we can ignore this issue and write p (Ᏺ) ⊗ q (Ᏻ) for the completionwith respect to this unique natural topology -of the tensor product of p (Ᏺ) with q (Ᏻ). The tensor product of two continuous linear maps f 1 : E 1 → F 1 and f 2 : E 2 → F 2 between nuclear Fréchet spaces is a continuous linear map
by Proposition 43.6 in [T, p. 439] ; this induces a continuous linear map f 1 ⊗ f 2 : E 1 ⊗ E 2 → F 1 ⊗ F 2 between the completions. In general, the completion of a Hausdorff locally convex TVS E is denoted byÊ and the extension of a continuous linear map u : E → F to the completions byû :Ê →F [T, Theorem 5.1, p. 39].
Consider the tensor product complex ( There is a natural map ϕ between and * (Ᏺ) ⊗ * (Ᏻ) and * (Ᏺ × Ᏻ), given by extension of the map
where p M and p N denote the projections of M × N onto M and N . It is clearly a cochain map (ϕ
, and so induces a map on foliated cohomology.
Theorem 2.1 (Künneth formula). The map ϕ is an isomorphism on cohomology:
This is a direct consequence of the following two results:
Theorem 2.2 (Grothendieck; see [Schwartz 1954]) .
be two differential complexes of Fréchet spaces and homomorphisms. Suppose that the E p 's are nuclear. Consider the differential complex
are isomorphic under the map ϕ.
The proof of Theorem 2.2 relies mostly on the next two lemmas: Grothendieck 1955] . Let E, F, G and H be four Fréchet spaces with either E, F and G nuclear or H nuclear. Let u : E → F and v : F → G be linear homomorphisms such that
is a short exact sequence. Then the sequence
is a short exact sequence of Fréchet spaces and linear homomorphisms as well.
Proof. That u ⊗ id is one-to-one and v ⊗ id is onto follows from Propositions 43.6 and 43.9, respectively, in [T, pp. 440-441 ]. Exactness at F ⊗ H is argued as follows. Firstly, observe that
is a short exact sequence of homomorphisms. Indeed, the corollary of Proposition 43.7 in [T, p. 441] implies that u⊗id is a homomorphism. As for v⊗id, it suffices to know that a basis of neighborhoods of 0 for the π-topology consists of the convex hulls of sets of type U ⊗ V = {u ⊗ v : u ∈ U and v ∈ V }, where U (respectively V ) is a balanced neighborhood of 0 in the first factor (respectively second factor). In other words, U is a neighborhood of 0 such that λu ∈ U , for all |λ| ≤ 1, u ∈ U . Therefore,
Secondly, it is not difficult to prove if E is a metrizable TVS and if N ⊂ E is a closed subspace then
whereN denotes the closure of N in the completionÊ of E.
and (C * , d C ) be three differential complexes of metrizable complete TVS's and homomorphisms and let
be a short exact sequence of differential complexes with f , g continuous maps (hence homomorphisms by the open mapping theorem). Then the usual long exact sequence
is well-defined with f * , g * and ν homomorphisms.
Proof. Since d A , d B and d C are homomorphisms, all spaces involved (that is, cocycles, coboundary and quotients of the formers by the latter) are complete metrizable spaces. The open mapping theorem implies that any surjective continuous linear map between those spaces will be a homomorphism. The only thing that requires a proof is therefore the continuity of ν. This is easily seen by chasing open sets in the diagram providing the construction of ν, namely,
Proof of Theorem 2.2. We introduce some notation:
Now consider the following exact sequences of linear homomorphisms:
By Lemma 2.4, they induce the following other exact sequences of linear homomorphisms (obtained by tensoring with a fixed space and the identity map), where we have omitted the superscripts * :
The first one is also an exact sequence of differential complexes when
yielding, by Lemma 2.5, the long exact sequence
Moreover, the sequences (2) and (3) imply that
as being the kernel (respectively the image) of the differential d (the ε does not affect that conclusion since all maps are graded). Moreover, sequence (3) says that the quotient of (ᐆ ⊗ᐆ ) * by (ᐆ ⊗Ꮾ ) * is isomorphic to (ᐆ ⊗ H ) * . Similarly (4) and (5) imply that
With these isomorphisms, the sequence (7) becomes
We will prove that ν is the map induced by the natural inclusion Ꮾ * → ᐆ * . Indeed, consider the following diagram:
. This shows that ν and i ⊗ id coincide on the subspace Ꮾ p ⊗ H q . Therefore they coincide on all of Ꮾ ⊗ H . Since ν is an injective map (again by [T, Proposition 43.7, p. 440] ), the long exact sequence (8) is equivalent to the short exact sequence
Hence H * (E ⊗ F) ∼ = (ᐆ ⊗ H ) * /(Ꮾ ⊗ H ) * and the latter space is isomorphic to H ⊗ H , as the sequence (6) shows.
Proof of Proposition 2.3. The proof is notationally heavy but conceptually quite simple. First observe that the continuous map ϕ :
is injective. We will prove hereafter that it is a homomorphism with dense image, implying that its extension ϕ :
To prove that ϕ is a homomorphism, recall that the following subsets of p (Ᏺ) form a basis of neighborhoods of 0:
where r is some nonnegative integer, ε > 0, {(U i , φ i ) : 1 ≤ i ≤ n} is a finite collection of foliated charts and K i is a compact subset of U i for each 1 ≤ i ≤ n. The functions
denote the tangential coordinates of ω with respect to the chart (U i , φ i ) and D a ω i, j 1 ··· j p is the a-th derivative
We want to verify that if U is a neighborhood of 0 in
for some neighborhood of 0 in p+q (Ᏺ × Ᏻ). Now a neighborhood of 0 in p (Ᏺ) ⊗ q (Ᏻ) can be chosen of the type
where U and V are neighborhoods of 0 in p (Ᏺ) and q (Ᏻ), respectively, and where U o denotes the polar of U , that is, the subset
We say a few words about this issue in the next paragraph. The (algebraic) tensor product E ⊗ F of two locally convex Hausdorff TVS's is isomorphic to B(E σ , F σ ), the vector space of continuous bilinear forms on the product E σ × F σ of the duals of E and F each endowed with its respective weak topology (topology of pointwise convergence) (Proposition 42.4 in [T, p. 432]). The latter space can be naturally realized as a subspace of a complete locally convex Hausdorff TVS, namely the space Ꮾ ε (E σ , F σ ) of separately continuous bilinear forms on E σ × F σ with the ε-topology, or topology of uniform convergence on products of equicontinuous subsets of E and F (Definition 43.1 and Proposition 42.3 in [T, pp. 430, 434] ). When endowed with the topology induced by Ꮾ ε (E σ , F σ ), the tensor product of E and F is denoted by
The topology on Ꮾ ε (E σ , F σ ) can be defined by the following basis of neighborhoods of 0:
where A (respectively B) is an equicontinuous subset of E (respectively F ). The reason for the restriction to equicontinuous sets (rather than just bounded sets) is explained in [T, pp. 427-428] . Now any equicontinuous subset of E is contained in the polar U o of some neighborhood U of 0 (Proposition 32.7 in [T, p. 341]). Thus, a basis of neighborhoods of 0 is also given by the sets ᐁ δ (U o , V o ), where U (respectively V ) runs through a basis of neighborhoods of 0 in E (respectively F).
Returning to the proof that ϕ is a homomorphism, we make the claim that if
For that purpose, it will be useful to observe that the set ᐁ(r, ε, {(U i , φ i )}, {K i }) is the polar of the following subset of the dual of p (Ᏺ): 
is, for all multi-indices c with |c| ≤ r s, for all i, k, j 1 < · · · < j p , l 1 < · · · < l q and for all (x, y) ∈ K i × L k , one of the following holds:
which means that θ ∈ ᐁ( A, B), thus proving that ϕ is a homomorphism. It remains to prove that the image of ϕ is dense in n (Ᏺ×Ᏻ). This is essentially a consequence of the fact that polynomial functions are dense in the space of smooth functions on the Euclidean space, implying that if X and Y are open subsets of ‫ޒ‬ n and ‫ޒ‬ m respectively, then the tensor product C ∞ c (X ) ⊗ C ∞ c (Y ) of the spaces of smooth functions with compact supports on X and Y is dense in the space C ∞ (X × Y ) of smooth functions on X × Y (see [T, Theorem 39.2, p. 409 and Corollary 1, p. 159] ). Let ω ∈ n (Ᏺ × Ᏻ) and consider U a neighborhood of ω of the type ω+ᐁ(r, ε, {(
Künneth formula when one of the factors is finite-dimensional
Another natural question is whether the Künneth formula holds in the case where the tensor product does not need to be completed, that is, when one of the factors, say H * (Ᏺ), is finite-dimensional. The answer is positive provided the ambient manifold of that factor is compact. There is no assumption on the second factor. This statement was already well-known when Ᏺ is a one-leaf foliation (see [El Kacimi-Alaoui 1983; Moore and Schochet 2006] ). We use the fact that under the previous assumptions, the foliated de Rham differential d Ᏺ admits a right inverse, which is implied by results in the theory of splitting of exact sequences of Fréchet spaces appearing in [Meise and Vogt 1997; Vogt 2004] .
Proposition 3.1. Let (M, Ᏺ) and (N , Ᏻ) be foliated manifolds. Suppose H * (Ᏺ) is finite-dimensional and M is compact. Then, as topological vector spaces,
Although we may not anymore quote theorems about coincidence of the ε-and π -topologies on H * (Ᏺ) ⊗ H * (Ᏻ) since H * (Ᏻ) might not be Hausdorff, one may verify directly that both these topologies coincide with the direct sum topology that appears when H * (Ᏺ) ⊗ H * (Ᏻ) is identified with a finite direct sum n i=1 H * (Ᏻ) via the choice of a basis of H * (Ᏺ).
Remark 3.2. The assumption that H * (Ᏺ) is finite-dimensional implies that it is Hausdorff as well. This follows from the well-known fact that for a continuous linear map A : E → F between Fréchet spaces, if the range is finite-codimensional it is also closed, itself a consequence of the open mapping theorem. Indeed, let f 1 , . . . , f n be a basis of an algebraic complement to Im A in F. Define the map ([e], a 1 , . . . , a n ) → A(e) + a 1 f 1 + · · · + a n f n .
It is continuous as the sum of two continuous maps and bijective. Hence it is an isomorphism. Since Im A is the image of the closed subspace E/Ker A, it is closed as well. We thank the referee for pointing this out to us.
Proof of Proposition 3.1. The idea is to replace the complex (
as vector spaces and it is not difficult to be convinced that this equality holds for the topologies as well. So we are done. To obtain an equivalence with a finite-dimensional complex we need a right inverse for the foliated differential d Ᏺ , that is, a continuous linear map ϕ : Ꮾ * +1 (Ᏺ) → * (Ᏺ) such that d Ᏺ • ϕ = id. This is the content of the Lemma 3.3 below. We assume this fact and proceed with the present proof.
The complex (
The subset V = {α 1 , . . . , α n } endowed with the zero differential (d V = 0) is a finite-dimensional subcomplex of ( , d) with cohomology H * (Ᏺ). It is thus (algebraically) homotopy equivalent to ( , d) (see [Spanier 1966, Theorem 7.4.10, p. 192] ). We show next that the homotopy, its inverse and the equivalence may be chosen continuous when d admits a right inverse.
We first need to set up some notation.
• The natural inclusion V → is denoted by i.
• The map ϕ : Ꮾ → denotes a continuous linear right inverse to d.
• The cohomology class of a closed form β is denoted by [β].
• Since H * (Ᏺ) is finite-dimensional and Hausdorff (see Remark 3.2), the linear map e : H * (Ᏺ) → V such that e([α i ]) = α i is continuous; it is a right inverse for the natural projection ᐆ * (Ᏺ) → H * (Ᏺ) with values in V .
Define σ : → V and D : → by
The maps σ and D are clearly continuous. It is only necessary to verify that σ is a cochain map, that
The first two assertions are obvious and the third holds since
Now the continuous cochain maps i and σ induce continuous cochain maps i ⊗id :
(The last assertion follows from the fact that ε • D + D • ε = 0.) Furthermore, the continuous cochain maps i ⊗ id and σ ⊗ id induce continuous maps on cohomology that are inverse to one another. This shows that
is the same as V ⊗ * (Ᏻ) since V ⊗ E is complete when V is finite-dimensional and E is complete. Finally, the fact that H * (V ⊗ * (Ᏻ)) ∼ = V ⊗ H * (Ᏻ) follows from considering the short exact sequences
is not complete and V ⊗ H * (Ᏻ) is not Hausdorff. Nevertheless, the first sequence tells us that the kernel of the differential
and that its image is V ⊗ Ꮾ * +1 (Ᏻ). Besides, the topology induced on V ⊗ ᐆ * (Ᏻ) (respectively V ⊗ Ꮾ * +1 (Ᏻ)) from its embedding in V ⊗ * (Ᏻ) coincides with the tensor product topology (Proposition 43.7 in [T, p. 440] ). Finally, since the maps in the second sequence are homomorphisms (remembering that V ⊗ H * (Ᏻ) carries the direct sum topology), the quotient
Lemma 3.3. If M is compact and H * (Ᏺ) is finite-dimensional then d Ᏺ admits a continuous linear right inverse.
Proof. The proof relies on the following result.
Theorem 3.4 [Meise and Vogt 1997, Splitting theorem 30.1, p. 378] . Let E, F, G be Fréchet-Hilbert spaces and let 0 → F → G → E → 0 be a short exact sequence of continuous linear maps. If E has property (DN) and F has property ( ), then the sequence splits.
We explain hereafter why Theorem 3.4 can be applied to the short exact sequence
The assumption that the spaces are Fréchet-Hilbert is automatically satisfied for nuclear Fréchet spaces (see [Meise and Vogt 1997, Definition, p. 370 and Lemma 28.1, p. 344] ). We mention the definitions of properties (DN) and ( ) for completeness but we will only need here the fact that they are stable under performing certain operations. Let E be a Fréchet space endowed with a countable fundamental systems { · k : k ≥ 1} of seminorms (that is, for all x ∈ E, x = 0, there exists k such that x k > 0 and for all k 1 , k 2 , there exists k 3 and a constant C such that max{
. The property (DN) is satisfied by E if and only if it supports a continuous norm · on E such that for any seminorm · k there exists a constant C and a seminorm · K such that
The property ( ) is satisfied by E if and only if for each p ≥ 1 there exists a q ≥ 1 so that for every k ≥ 1, there exists a 0 < θ < 1 and a constant C such that
where y * k means sup{|y(x)| : x k ≤ 1}. Both properties are satisfied by the Schwartz space Meise and Vogt 1997, Example 29.5(1), p. 363, Lemma 29.2, p. 359 and Lemma 29.11, p. 368] . Any space of C ∞ -sections of a finite-dimensional vector bundle E over a compact manifold is isomorphic, as topological vector space, to s (see [Valdivia 1982 ]) 1 .
1 The reference [Valdivia 1982 ] contains a proof of the fact that for a compact manifold M, the space C ∞ (M) ∼ = s which can easily be adjusted to the case of C ∞ (M, E). Indeed, a finite partition of unity {θ i : i = 1, . . . , n} subordinated to a cover of M by trivializing open subsets allows us to identify the space of smooth sections of the bundle E with a finite direct sum Thus the space of foliated forms * (Ᏺ) enjoys the properties (DN) and ( ). Property (DN) is inherited by closed subspaces (see [Meise and Vogt 1997, Lemma 29.2, p. 359] ). So Ꮾ * (Ᏺ) has property (DN). To see that ᐆ * (Ᏺ) has property ( ), we use the fact that H * (Ᏺ) is finite-dimensional. Indeed, property ( ) is inherited by quotients by closed subspaces (see [Meise and Vogt 1997, Lemma 29.11(2) , p. 368]) so that Ꮾ * (Ᏺ), which is isomorphic to * −1 (Ᏺ)/ᐆ * −1 (Ᏺ), has property ( ). Since H * (Ᏺ) is finite-dimensional, the natural projection ᐆ * (Ᏺ) → H * (Ᏺ) admits a right inverse so that ᐆ * (Ᏺ) ∼ = Ꮾ * (Ᏺ) ⊕ H * (Ᏺ) and can be thought of as a quotient of * −1 (Ᏺ) ⊕ H * (Ᏺ) (by ᐆ * −1 (Ᏺ) ⊕ {0}), which is itself also isomorphic to the Schwartz space s when * ≥ 1. Finally, ᐆ 0 (Ᏺ) has property ( ) because it is finite-dimensional (it is thus a Banach space).
Remark 3.5. When the manifold M is not compact, the space * (Ᏺ) is isomorphic to s ‫ގ‬ (argument similar to the compact case with a locally finite partition of unity subordinated to an open cover of M by foliated chart domains) rather than s. So that it does not anymore enjoy properties (DN) nor ( ), but rather, so-called properties (DN loc ) and ( loc ). One might nevertheless reach a similar conclusion, using the following splitting theorem due to Vogt, if one could prove that d Ᏺ is a SK-homomorphism when it is a homomorphism (this does not hold in general, but might be true for d Ᏺ ).
Theorem 3.6 [Vogt 2004, Theorem 3.5, p. 820] . Let 0 → F → G → E → 0 be an exact sequence of nuclear Fréchet spaces, A an S K -homomorphism. If E has property (DN loc ) and F property ( loc ), then the sequence splits.
Counterexample
One would like to understand what happens when neither of the situations encountered above occurs. Let (M, Ᏺ) and (N , Ᏻ) be two foliated manifolds. Suppose that both foliated cohomologies are infinite-dimensional with one of them nonHausdorff. Then the tensor product H * (Ᏺ) ⊗ H * (Ᏻ) cannot be completed. There is nevertheless a case where an alternative to completion could be proposed, that is, when one of the foliations, say Ᏻ, is a foliation by points Ᏻ = Ᏺ N . Then H * (Ᏻ) coincides with C ∞ (N ) and one is tempted to replace H * (Ᏺ) ⊗ C ∞ (N ), which does not make sense here, by C ∞ (N , H * (Ᏺ)), since these two spaces coincide when H * (Ᏺ) is Hausdorff (Theorem 44.1 in [T, p. 449] ). It is therefore natural to wonder whether the trivial map H * (Ᏺ × Ᏺ N ) → C ∞ (N , H * (Ᏺ N )) yields an isomorphism or not:
The answer is negative. Indeed, the torus ‫ޔ‬ 2 endowed with a Liouville foliation (see Example 1.2) supports a smooth family of foliated exact forms which is not the coboundary of any smooth, nor even continuous, family of forms. This smooth family represents thus both the zero element in C ∞ (N , H * (Ᏺ)) and a nonzero element in H * (Ᏺ × Ᏺ N ). I do not see any obvious theoretical reason for such a family to exist; both the space H * (Ᏺ × Ᏺ N ) and the space C ∞ (N , H * (Ᏺ)) are non-Hausdorff; somehow H * (Ᏺ × Ᏺ N ) is "more separated" than C ∞ (N , H * (Ᏺ)). Let x, y denote standard coordinates on the torus ‫ޔ‬ 2 . The leaves of the foliation Ᏺ α are the orbits of the vector field X = ∂ x + α∂ y . Any foliated 1-form is automatically closed and can be written f d x, with f in C ∞ ‫ޔ(‬ 2 ) and d x the image of the closed form d x ∈ 1 ‫ޔ(‬ 2 ) in 1 (Ᏺ α ). It is exact when f d x = dg for some g in C ∞ ‫ޔ(‬ 2 ), which is equivalent to f = Xg. Besides, we may consider the Fourier expansions of the functions f and g: To see the necessity of this condition it suffices to combine integration by parts in order to get rid of the derivatives with respect to x and y with the fact that the Fourier coefficient (∂ k x ∂ l y ∂ a t f t ) m,n is bounded by a constant depending only on I, k, l and a.
With these preliminaries in mind, we are ready to construct a family f t of functions on ‫ޔ‬ 2 with the following properties:
(i) f t is a smooth family of smooth functions.
(ii) For each value of the parameter t, there is a smooth solution to f t = Xg t .
(iii) There no smooth, or even continuous, family of smooth functions g t solving f t = Xg t .
Since α is a Liouville number, for each integer p > 1, there exists a pair of integers (m p , n p ) such that
Without loss of generality assume that (m p , n p ) = (m q , n q ) for p = q and thatPierre Bieliavsky for useful discussions regarding the subject. Finally, I am very much indebted to the referee who noticed a major gap in the initial manuscript and made very useful comments.
